Standard stacking procedures are based on the combination of many scalar traces, and can exploit the coherency of arrivals between traces using non-linear methods. Such stacks can be used with some success for three-component data but do not exploit the vector character of the seismic wave¢eld. A set of stacking methods are introduced to work directly with three-component data and include intercomponent coherency through 3|3 matrix measures. These techniques include extensions of both semblance and phase stacks. Such techniques allow the exploitation of cross-component information, which can be particularly valuable in the analysis of the S wave¢eld. Potential applications arise for the analysis of three-component records from controlled-source experiments, arrays of portable broad-band instruments and beam-forming at permanent monitoring installations.
INTRODUCTION
Stacking procedures form an intrinsic part of the standard processing for seismic array data and have become more extensively used in recent years as the volume of high-quality data from digital networks has increased (Mykkeltveit & Ringdal 1981; Abrahamson & Bolt 1987) . A signi¢cant role of stacking methods is to enhance the seismic signal in the presence of noise, and stacking plays a major role in the conventional processing of re£ection seismic data (see e.g. Sherrif & Geldart 1982) . Stacking methods have also been used to considerable advantage to extract speci¢c groups of seismic phases from global data (e.g. Shearer 1991 Shearer , 1993 .
Most current stacking methods are based on combining time-series from many traces recorded on a single component of ground motion. However, increasingly three-component data are being collected from arrays and modest sized networks for which there is reasonable signal coherency, yet processing of these vector data is based on scalar models. Thus, work on converted arrivals from mantle discontinuities using stacking techniques has concentrated on isolating phases in the coda of P using stacks of vertical-component data (e.g. Richards & Wicks 1990; Castle & Creager 1999) rather than using P precursors to the S wave. Leonard & Kennett (1999) have demonstrated the bene¢ts of exploiting the vector character of a seismogram in autoregressive analysis of seismic traces. For example, the exploitation of cross-component information can signi¢cantly improve the picking of S-wave arrivals.
This research note describes extensions of non-linear stacking methods that make simultaneous use of all three component of ground motion. The stacking procedures build 3|3 matrix coherency measures that are closely related to the concepts used in polarization and autoregressive analysis. The various coherency measures can be used to modulate linear stacks and produce non-linear traces in which coherent arrivals are enhanced (including cross-coherency between components).
The techniques are illustrated by application to teleseismic data but the three-component stacking procedures can be employed in a wide range of environments where three-component data is collected from a number of nearby stations. Such situations would include deployments of threecomponent sensors in controlled-source experiments, arrays of portable broad-band instruments and permanent monitoring installations.
STACKING
The objective of seismic stacking is to combine seismic traces in such a way that the signal of interest is enhanced and the other aspects of the wave¢eld are suppressed. Although a number of di¡erent procedures have been employed to construct stacked traces, the applications of combining traces to enhance signal strength divide into two main classes.
Distance stacks combine traces that have similar spatial characteristics such as epicentral distance or surface re£ection point. The stacked traces are then treated as associated with that position, frequently in some record section display.
The object of the stacking is to suppress incoherent noise and enhance coherent arrivals. For those traces falling within the ith`distance bin', the stack traces are constructed as the sum of the traces u K falling within the bin, possibly with some ¢lter operation F applied to each trace,
When F is the identity or a band-pass ¢lter in frequency, we have a linear stack as employed by Shearer (1991 Shearer ( , 1993 in various global studies. Bowman & Kennett (1990) have taken the envelope of the traces before stacking as a means of minimizing the variations in the waveform from di¡erent sources in constructing composite record sections for arrivals returned from the upper mantle. Slowness stacks combine traces with time delays determined by some simpli¢ed model of wave propagation. This approach is commonly employed with a plane wave model characterized by a vector slowness in the analysis of seismic arrays. In seismic exploration a simpli¢ed model of seismic re£ection is used in the conventional normal-moveout stack that lies at the core of most processing (see e.g. Sherrif & Geldart 1982) .
Slowness stacks will form the focus of our attention in this paper, but the various methods discussed in Sections 3 and 4 can be readily adapted for use in distance stacks.
SINGLE-COMPONENT SLOWNESS STACKS
Slowness stacks are designed to accentuate aspects of the seismic wave¢eld based on some model of propagation phenomena. In the case of a seismic array of modest aperture, the model used would be a plane wave crossing the array speci¢ed by some horizontal slowness p and azimuth t. We adopt some reference point r 0 and endeavour to adjust the timing of each of the traces so that they are corrected for the expected propagation times from the reference to the recording locations. Thus, for a receiver at r K the time o¡set expected for the plane wave would be
where the vector slowness s is given by
We can then create a simple linear stack for each component of ground motion by a`delay and sum' procedure over the N available traces,
Alternative propagation models will yield di¡erent functional forms for the propagation delays t K . Such a linear stack can indeed achieve considerable noise suppression but does not include any direct estimate of the coherency of the wave front across the set of traces, that is, how well the real signal obeys the simple theoretical model underlying the time delays employed in the stacking procedure.
A convenient measure of multichannel coherence is provided by using the semblance (Neidell & Taner 1971) , which is frequently used in association with seismic velocity stacking in geophysical prospecting work. The semblance relates the total energy of the stack at a particular time to the sum of the energy of the various traces at that time. In order to provide a stable measure of coherence it is common to incorporate a weighted time gate about the time of interest. Thus, the stacking is performed over a time gate (t{*t/2, tz*t/2) with a smooth weighting function w(t) that drops away from the target time t fairly quickly. After application of the time delay t K , we denote the discrete time samples in the Kth trace by u K s , indexed by the time variable s.
The semblance at time t is then given by
where the summation over time (s) is carried out over the time gate about t. The semblance is always a positive quantity and will be of the order of unity for strong coherent events. A plot of the semblance against time therefore gives a picture of the degree of data consistency across the traces for the time delays employed and an indication of the strength of the coherent events for that`slowness'. Semblance displays are often used directly in the analysis of rms velocity in re£ection seismology. However, in other applications it is generally more useful to use the semblance trace as a modulator to the linear stack o 1 (t); this produces a non-linear semblance-weighted stack in which the most signi¢cant coherent events are enhanced (Kennett 1987) . The semblance-weighted stack is thus constructed as
The semblance-weighted stack eliminates the clutter of partially coherent energy on the standard linear stack and gives similar results to the nth root stacking procedure introduced by Muirhead (1968) . This signed nth root stack is constructed using normalized traces "
where n is typically 4 and sgn S n represents the sign of the stack enclosed in the square brackets. The nth root procedure has the e¡ect of enhancing small but coherent arrivals, but does not provide the useful intermediate product of the measure of coherency. Schimmel & Paulssen (1997) have introduced an alternative procedure for assessing coherence based on just the phase properties of the traces. The method uses a complex trace representation combining the original trace and its Hilbert transform in quadrature, and then using a polar form in terms of the envelope env [u K (t)] and the phase 0 K (t) (cf. Taner et al. 1979) ,
The phase stack is then created by summing just the exponential phase components of the traces without consideration of amplitude, following the application of the appropriate time
The stability of the phase stack P(t) is enhanced by using a smoothed time gate about the target time t. The phase terms for the various stations will only superimpose constructively when the arrivals are coherent and so will have similar characteristics to the semblance measure. Schimmel & Paulssen (1997) have also made use of a phase-weighted stack,
in which those portions of the linear stack corresponding to coherent phases are enhanced. As might be expected, the phase-weighted stack has very similar properties to the semblance-weighted stack. The complex trace formulation also allows the construction of`envelope' stacks,
which can be useful when local conditions lead to variability in recorded waveforms across an array (cf. Bowman & Kennett 1990 ).
THREE -COMPONENT SLOWNESS STACKS
Most stacking of three-component data has hitherto worked with the individual orthogonal components (possibly after rotation) using the single-component procedures discussed above. A notable exception is the work of Jurkevics (1988) , who stacked polarization information from a number of three-component stations. The stacking concepts can, however, be extended to handle the vectorial character of three-component seismograms and thus generate extensions of the concepts of semblance and phase stacks that allow for cross-component coherence. We will work with the triad (z,n,e) for unrotated seismograms and (z,r,t) for rotated traces, with the z-axis directed downwards.
As for the single-component case, the basic operator is a simple linear stack, with allowance for the propagation delays t K :
Note that the linear stack o 1 i (t) only retains the character of a vector with respect to rotation when the u K are represented on the (Z,N,E) basis.
We also need a set of stacks using a smooth time gate around the target time. First, we construct cross-stacks between the ith and jth components,
and second, the stacks of the energy contribution for the individual components,
We can now create a 3|3 semblance matrix: 
The diagonal elements are just the semblances for the individual components; for example, S 11 is the semblance constructed for the one-component trace, whereas the o¡-diagonal elements such as
represent coherence between components through the crossstacks normalized by the energy in the individual component stacks. Note that the diagonal semblance elements are required to be positive but the cross-terms can take either sign.
With the aid of the 3|3 semblance matrix we can then construct a set of semblance-weighted stacks,
so that we can enhance that part of the ith component stack that is coherent with another component. Thus, for example, we could look for coherency between the two horizontal components as an indicator of an S arrival. This style of weighted stack is useful when we wish to be able to isolate the crosscoherence between components. An alternative approach is to apply the semblance matrix directly to the linear stacks to combine the information from the di¡erent components and generate a triad of weighted stack traces,
We should note that because of the non-linear character of the construction of the semblance matrix, the triad o ws i (t) does not preserve vector properties with respect to coordinate transformation.
In order to exploit the phase information contained in the three-component seismograms, we construct complex traces for each component:
We can then de¢ne a set of partial coherence measures with some similarity to the semblance forms. We introduce a set of cross-stacks constructed from the complex traces, 
where the asterisk denotes complex conjugation. The diagonal terms So c ii T correspond to a squared envelope stack and the cross-terms So c ij T, i=j, include the di¡erences in phase between the components at the same station. We note the close relation to the cross-correlation forms used in polarization analysis (Vidale 1986 
When i~j the instantaneous phase of this combination is just that of u c Ki , and for i=j we introduce the phase di¡erence between the ith and jth components. We can thereby create a set of three-component phase stacks. The diagonal terms of the phase-stack matrix are just the phase stacks (9) for each component separately,
and the o¡-diagonal elements take the form
We do not require the two components to be in phase to give a signi¢cant stacked contribution, only that there is a consistent phase relationship. We can again construct a set of weighted stacks with the aid of the 3|3 phase-stack matrix to exploit the phase coherency of the traces. By analogy with (17) and (18) 
ILLUSTRATIONS OF STACKING
We illustrate the application of the di¡erent stacking methods with a teleseismic data set recorded at a network of portable broad-band seismic stations in the Kimberley region of northwestern Australia. The stations cover a zone about 750 km across but still show considerable coherency in arrivals for many teleseismic events such as the shallow event at the northern end of the Tonga arc illustrated in Fig. 1 . We will work with rotated traces, but the event is nearly due east of the array so that the e¡ect of rotation is small. The stations span the distance range from 50 0 to 54 0 and we employ a simple plane wave model characterized by just a horizontal slowness and calculate the time shifts required to phase the array to 52 0 epicentral distance. In Fig. 1 we display the three-component traces for the onset of both P and S, which we used to prepare the stacked traces shown in Figs 2^4 . The expected arrival times of the major seismic phases using the ak135 model of Kennett et al. (1995) are shown for each three-component set and identi¢ed on the uppermost trace. The onset of P is clear against a variable background noise and S can be recognized by its longer-period arrival, associated with interference with the surface multiples.
In Fig. 2 we display a selection of the single-component stacks derived from the data for the northern Tonga event. We show the same time windows as in Fig. 1 and have used a common slowness for each of the stacks (7.50 s deg {1 for the P window and 13.75 s deg {1 for the S window). These slownesses are designed to enhance the onset of the main arrivals. We show the linear stack (SL) and the gated stack of the squared velocity (G2), which provides a convenient summary of the energy concentration along the trace and is used in the construction of the semblance. The linear stack is quite e¡ective in enhancing the low-frequency S arrival relative to the background.
The lower traces in Fig. 2 show the non-linear stacks. The semblance (SE) shows strong coherence in much of the P wave train. The semblance-weighted stack (SW) derived by modulating the linear stack by the semblance has strong noise suppression and isolates the main contributions to the wave train. The distortion produced by the non-linear process is most evident in the S window. The bottom group of traces shows the phase stack (PH) of Schimmel & Paulssen (1997) and the phase-weighted stack (PW). The phase stack captures the coherency well and is less jagged than the semblance, so that the phase-weighted stacks show less distortion than their semblance-weighted equivalents.
These stacking procedures applied to a small number of stations in a distributed network show the way in which wave¢eld features can be enhanced. With these single-component stacks we see in the S window a very clear advance of the transverse component (SH) compared with the radial and vertical components (SV). Such shear wave splitting in direct S is often seen for paths from Tonga^Fiji to northwestern Australia.
The equivalent results using the new three-component stacking methods are shown in Figs 3 and 4 . In Fig. 3 we display the linear stack (SL), the nine components of the phase matrix P, and the set of nine coherence-weighted traces o pw ij . The use of rotated traces leads to the very poor coherence associated with the three-component (transverse) in the P window, since much of the energy is likely to be scattered. The normalization of the traces also exaggerates the signi¢cance of the weighted traces derived from the transverse component. We note that the phase-weighted stacks emphasize a set of features in the fzz, zrg stacks ahead of S that are likely to represent P conversions. The largest-amplitude arrival can be seen clearly in the linear stacks but the earlier arrivals are less obvious and are enhanced by the coherency weighting. Comparable displays can be developed for the semblance and coherence procedures, and as in the single-component case the results for semblance and phase stacks are similar but there is less distortion in the phase-weighted stacks. The coherence matrix has a slightly greater sensitivity to trace amplitude than the phase approach but is somewhat smoother than the semblance forms. In Fig. 4 we show the sets of triads of weighted stacks using di¡erent styles of three-component stacking. The upper set of traces represents the linear stack and these are followed by the semblance-weighted triad o ws i , the coherence-weighted triad o wc i and the phase-weighted triad o wp i . We note that all of the weighted triads have a similar form with very useful signal enhancement properties but do not allow the isolation of the di¡erent contributions to the wave¢eld that we can achieve with the weighted stacks as in Fig. 3 . Each of the verticalcomponent weighted stacks indicates the presence of the coherent features ahead of S seen in Fig. 3 . Although the application of the phase-stack matrix produces the least distortion in the phase-weighted stacks, the weighted triad wP shows the largest di¡erence from the linear stack from the superposition of the cross-component contributions.
For the P coda of the seismogram we expect much of the energy to be P waves, but the success of receiver function techniques based on recognizing S conversions indicates that other arrivals can be expected. The strong correlation of the z and r stacks is to be expected for the P wave¢eld, and we also note the strong contribution of the zr and rz components of the coherence-weighted stacks. These weighted components are reinforced as the PP phase arrives; the inclination of the wave vector to the vertical is larger than for P, so a larger radial-component contribution is expected.
In the S window the main S arrival stands out clearly because of its coherence on both the self-stacks and the crossstacks. In the later part of the window we note the presence of enhanced correlation in the various components of the coherency stacks that corresponds to the increased amplitudes on the z component.
The illustrations in Figs 3 and 4 demonstrate the feasibility of full three-component stacking as a supplement to conventional techniques. In particular, we note that the ability to examine the interrelation of di¡erent components can help to identify di¡erent aspects of the wave¢eld.
DISCUSSION
The three-component stacking techniques illustrated here by a teleseismic example do not depend on the particular character of the seismic wave train and so can be used over a very wide range of distances and frequency content with di¡erent models of`slowness' dependence. The various styles of stack can also help in characterizing arrivals, because they draw attention to di¡erent aspects of the wave¢eld Although the motivation for developing these methods has come from the use of portable arrays of three-component broad-band seismometers, the concepts can be used whenever three-component data from nearby stations are available. Thus, there are potential applications to controlled-source experiments, both on land and at the seabed, as well as to temporary or permanent monitoring networks.
For the P wave¢eld the use of three-component methods can be helpful at shorter distances because both vertical-and radial-component energy can be combined in slowness stacks, even where the data have not been rotated before stacking. Even at substantial distances from the source, surface-re£ected phases such as PP and PPP can be expected to have signi¢cant radial contributions.
In contrast to the single polarization of P waves, we have two di¡erent polarizations for S that have di¡erences in the character of their propagation through the Earth. We would therefore expect three-component stacking methods to be of particular value for S waves, as has previously been found for threecomponent autoregressive analysis (Leonard & Kennett 1999) . The cross-component coherence can be an e¡ective tool for isolating S arrivals against a pervasive P coda by concentrating on the weighted components in the horizontal plane. The later part of the S wave train comprising multiple S phases can alternatively be characterized as a superposition of higher modes of surface waves. For higher-mode Rayleigh waves we expect the vertical component to be the Hilbert transform of the radial component. It is therefore possible to enhance the Rayleigh wave portion of ground motion by taking the Hilbert transform of the vertical component before undertaking three-component stacking.
For many purposes the coherency-weighted or phase-weighted stacks provide an e¡ective compromise between isolation of coherent arrivals and waveform distortion, which more than o¡sets the extra e¡ort required to handle complex traces.
The nature of the stacking process means that stacked traces from the three-component analysis will have an enhanced signal for the appropriate slowness but that these stacked components cannot themselves be treated as a vector. As a consequence, vector operations such as rotation should be carried out before stacking.
